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Sarmanov, Sevast’yanov, and Tarakanov have proved certain combinatorial 
identities by a combinatorial argument, namely, by counting the number of 
weighted chains by two different methods. The identities are applied to the sum- 
mation of infinite series and to the computation of the quartiles of discrete 
probability distributions. Egorychev and Yuzhakov have proved these and some 
further identities by applying the multidimensional generalization of the Lagrange 
expansion. In the present paper the identities are proved in a direct, elementary 
way. 
1. INTRODUCTION 
Sarmanov, Sevast’yanov, and Tarakanov [3] have proved the following 
identities: 
@Tfl@ .,. QfT + glgl . . . $+I + . . . JG m+1 . . . + a, a, P) 
where m is a nonnegative integer, 
(m, k, ,..., k,) = 
(172 + k, + . . . + k,) ! 
m!k,! ... k,! ' 
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and a, , a, ,..., a, are arbitrary complex numbers; 
where m, , m, ,..., n?, are nonnegative integers, M = m, f ml + ..* + m,,. , 
and it is understood that subscripts are to be reduced (mod r f 1); 
(1.3) 
where a, ! = ala2 ... a, ! and the ai, bi are arbitrary complex numbers. 
For m, = ... = m,, = m, (1.2) evidently reduces to (1 .l). 
The three identities (l.l), (1.2), (1.3) are proved by a combinatorial argu- 
ment. Egorychev and Yuzhakov [l] have applied the multidimensional 
generalization of the Lagrange expansion to prove (1.2) as well as the 
following results: 
= (--I)“” I 172 j! p:‘r ..’ pin, (1.4) 
where the mj are nonnegative integers, the flj are arbitrary complex numbers, 
and 
j k ; = k, f ... f k, , 1 m 1 = ml + ... + 172, , 
(k, P) = k,P, + ... + k,P, ; 
(1.5) 
Clearly (1.3) is implied by (1.5). 
The purpose of the present note is to give direct, elementary proofs of 
(1.2), (1.4), (1.5). 
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2. PROOF OF (1.2) 
Put 
a = a, + a, + ‘.. + a,, A4 = rn, + ml + .*. + rn, . (2.1) 
Thus (1.2) becomes 
or briefly 
Since 
So = So(wzo , ml ,..., 172,) 
= kgo . . . 2 (I71o , k, ,.,,, k,.) a~~mo-k,-‘..~fi,agnl,+lak~ .._ a:^7, 
I 
1 k,=O 
we have 
(2.2) 
(2.3) 
So(Ino ) ITI1 )...) I??,) xb)loxy1 ... x;r 
mo,ml,...,m,=O 
= a, f (k, ,..., k,) a? ... a: 
k,,...,kF=O 
= a,(1 - axI)-’ ... (I - ax,)-l 
* f (k, ,..., k,)(a,x,)“’ *.* (apT)IcT . (1 - aOxo)-‘l-...-7’r-1. 
kl,...,kv=O 
Since, by the multinomial theorem, 
k , f (k, )..., k,) z:“1 ... z? = (I - z1 - .~. - z&l, 1 . . ..kpO 
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it follows that 
-f so(1770 ) ml )...) m,) XFXI”’ ... A-;’ 
mo,lnl.. . . , m,=o 
= a,(1 - ~oxo)-l(l - p1)-1 . . . (1 - ax,)-1 . (1 - "1-y~',; a5?zjy 
0 0 
= a,(1 - ax&’ . . . (1 - ax,)-l( 1 - aox - alxl - ... - a,.x,.)-l. 
Hence, 
Since 
z. a,(1 - axJ = a( 1 - a(& - alxl - . . ’ - u,,x,,,), 
this reduces to 
a 2 
u?n,tmlt-~+?.xyoxy% . . . Xyr. 
?no,ml,...,‘n,=O 
Comparing coefficients, we get (2.2). 
3. PROOF OF (1.4) 
Consider the sum 
where t is an arbitrary nonnegative integer. 
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Since, by the multinomial theorem, 
(k P)” = (k,P, + ... + ku%Y 
we have 
R, = c (tl )...) tn) p: ... pff 
t,+...+t,=t 
Recall that s(t, m), the Stirling number of the second kind, satisfies 
S(t, nz) = & 5 t-l)“-” ( ; ) kt. 
. k=O 
Thus, (3.2) becomes 
Rt = (-l)nzl+‘.-+m, q! ..a IE~! 1 (tl ,..., tn) p; ... 6: 
tl+...+t,=t 
Since 
. S($ ) 7x1) ... qt, ) nz,). (3.3) 
qt, nz) = 1 :, 
(t = nz), 
it < ml, 
we have, in particular, 
in agreement with (1.4). 
We have 
4. PROOF OF (1.5) 
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by a variant of Vandermonde’s theorem [2, p. 9, formula (3c)]. Thus, 
Similarly 
Replacingj by Y - m - 1 on the extreme right, this gives 
Combining (4.1) and (4.2), we have 
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